Abstract. The accuracy of the time compression analysis (TCA) is analyzed by comparison with a numerical solution. Both the standard TCA and a new modified TCA are considered for a power law diffusivity and constant surface flux. As expected, the error of the approximations decreases with increasing power, and the error of the modified TCA is about half the error of the standard TCA. In a second part, the errors of the two TCAs are measured using a simple analytical solution instead of a numerical solution. It is shown that the conclusions remain the same for the analytical and numerical solutions. The advantage of using the analytical solution is to obtain simple analytical expressions, showing the influence of parameters. This is done to estimate the maximum error of both TCAs. A practical estimate of the errors can be obtained from equations which only require knowledge of the soil water diffusivity. It appears that for real soils the errors of the TCA are always Ͻ1% and thus are a very reliable tool for practical problems. Although not studied systematically, it also appears that gravity effects reduce the errors of the TCA so that the error obtained in the absence of gravity provides a conservative estimate when gravity is present.
Introduction
An earlier paper [Liu et al., 1998] showed that the time compression approximation (TCA) predicts the cumulative infiltration with remarkable accuracy for linear soils. As pointed out by Salvucci and Entekkabi [1994] , knowledge of the cumulative infiltration is most important in practice, whereas others, like infiltration rates after ponding, are less important.
In the following we first extend the analysis of Liu et al. [1998] , which applies to unrealistic soils, to one with a realistic soil water diffusivity obeying a power law. For the linear soil, exact analytical solutions are available. For a power law diffusivity it is necessary to use numerical tools and/or analytical approximations.
As usually done, when TCA is used, the possibly complex dependence of the rainfall rate on time is replaced, until ponding, by its average. Hence, if t p and I p are the ponding time and the cumulative infiltration at ponding, then the average rainfall rate q is
This points out that the actual rainfall rate could be very different from q at any time before ponding, so that infiltration rates are theoretically, as well as in practice, less meaningful than their cumulative values. However, the additional errors introduced by the time variation of the rainfall rate and associated problems, like redistribution and hysteresis, are ignored, even though they can be crucial in practice [Ibrahim and Brutsaert, 1968; Reeves and Miller, 1975; Smith et al., 1993; Corradini et al., 1994] . The modified TCA then assumes that I p is known rather than the flux at and before ponding, but the cumulative infiltration is measured up to ponding time (the flux, which could then be obtained by differentiation, is known with less accuracy).
We may note that in the field the cumulative rainfall is typically measured. Thus, to obtain I p , one must have an estimate of the ponding time, which may be somewhat crude given the large spatial variability of soil properties normally encountered in the field. However, even for the standard TCA, q requires some knowledge of t p (see (4)). It is quite interesting that in his application of TCA to the study of evaporation, Salvucci [1997] used the equivalent of the modified TCA for evaporation, i.e., an average evaporation rate till the actual start of stage 2.
Time Compression Analysis
We consider the case of infiltration into a soil initially at uniform water content with constant (average) rainfall q until ponding. (Again, the additional problems associated with the time dependence of rainfall are ignored here.) We take a realistic representation of the soil water diffusivity
where is the reduced water content (water content measured relative to its initial value divided by its saturated value). The constant ␣ varies between 4 (sand) and 8 (clay) [Brooks and Corey, 1964] . We shall consider the representative cases, ␣ ϭ 1, 5, 10. The results for the case ␣ ϭ 0 are by Liu et al. [1998] . The approximate analytical results will be based on a method [Parlange et al., 1992 ] which is more accurate for larger ␣, i.e., values normally encountered in the field. Thus the cases ␣ ϭ 0 and 1, although not realistic, are important to check the analytical results when their accuracy should be the worst. We solve the equation
with the initial condition
and the boundary conditions
Here x is a dimensionless distance (distance multiplied by q /D s ) and t is a dimensionless time (time multiplied by q 2 / D s ), which is equivalent to taking q and D s equal to one. By first ignoring gravity, ␣ is the only parameter remaining in the problem. We are looking at the simplest application possible to evaluate TCA (both standard and modified), i.e., as done by Sivapalan and Milly [1989] for the standard method but with ␣ 0.
The problem is first solved numerically to obtain I(t) by linearizing the right-hand side of (3) using the transform u ϭ ͐ D d and then applying the method of lines [Schiesser, 1991] with a finite volume discretization on a fine variable spatial grid and a stiff ordinary differential equation integrator. In particular, for ␣ ϭ 0, numerical and exact analytical results [Liu et al., 1998 ] are identical for the number of significant figures given in Table 1a. Tables 1b, 1c , and 1d correspond to ␣ ϭ 1, 5, and 10, respectively.
The standard TCA gives, for the dimensionless cumulative infiltration, I is dimensionless cumulative infiltration, and t is a dimensionless time. *Read 9.547269E-01 as 9.547269 ϫ 10 Ϫ1 . 
I ϭ t tՅ t*,
with the dimensionless sorptivity S 2 being known exactly. Note that with this method, t* is different from the exact value of t p , see Table 2 .
For the modified TCA, we take
where I p and S have their exact values and t c is given by
Note that the modified TCA gives a discontinuity for the flux at t p as encountered by Salvucci [1997, p. 116] at the onset of stage 2 of evaporation and for exactly the same reason: "The discontinuity is an artifact of using the time compression approximation after t D while using the flux boundary condition solution to predict t D ," where t p in our case is replaced by the time t D when stage 2 of evaporation begins.
We now apply the analytical method of Parlange et al. [1998 Parlange et al. [ , 1992 Parlange et al. [ , 1997 as an alternative to the numerical method. Parlange et al. [1998] solved explicitly the problem of constant flux until ponding and the derivation will not be repeated here. The two necessary results (using the dimensionless variables previously defined) are
Analytical Approximation
where
It is of some interest to mention that other estimates of the ponding time could also be used. For instance, Smith et al. [1993] and Corradini et al. [1994] were careful to use an optimal estimate of t p valid for ␣ large [Smith and Parlange, 1977] ,
which is equivalent to the first two orders to (14) if S 2 is estimated to the same order. For instance, we can take 
as first suggested by Brutsaert [1976] , as a particular case of the estimate
in agreement with the optimization approach [Parlange, 1975] . Table 2 shows the accuracy of (17). Then the two estimates t p [14] and t p [16] given by (14) and (16), respectively, yield
and for ␣ large,
showing the agreement of the two expressions to the first two orders (␣ 0 and ␣ Ϫ1 ) as expected. One advantage of (14) over (16) is that the former can be applied even for ␣ ϭ 0 (even if we do not expect the result to be accurate).
On the other hand, the estimate t* of t p given by (10) from the standard TCA is only correct to order ␣ 0 . Even for the unrealistic case of constant D, taking the exact value S 2 ϭ 4/ in (10), the latter yields t*[10] ϭ 2/, a 19% error compared to the exact result t p ϭ /4, whereas (14) gives t p [14] ϭ 0.8, only a 2% error. Hence, since (14) is more accurate as ␣ increases, it is a most reliable estimate; see Table 2 .
After ponding, we approximate the profile by (using (8) of Parlange et al. [1998] 
where q(t) is the surface flux. To estimate q after ponding, (21) is integrated to yield
and (see (5) of Parlange et al. [1998] )
the last integral in (23) being given by (15). Thus
For convenience, let us call
and define a new variable y by
then from (24),
where y p and t p are the value of y and t at ponding. Equations (25)- (27) yield I(t). Table 1 gives detailed I(t). Obviously, the two TCA approximations and the analytical approximations of (26) are excellent, with the new modified TCA having about half the error of the standard one; see Table 2 . That is, the modified TCA gives a significant improvement with no additional work, as long as I p is known.
Results and Discussion
By definition, as t 3 ϱ, I 3 S(t) 1/ 2 , in agreement with the TCA approximations, as long as S is known exactly. The analytical approximation, on the other hand, gives I 3 2[t(2␣ ϩ 3)] 1/ 2 , in agreement with the estimate of S in (17). Because this estimate is approximate (see Table 2 ), it results in the error apparent as t 3 ϱ (see Tables 1a-1d ). We could, as suggested by Parlange et al. [1997] , modify the analytical approximation building in the knowledge of S. However, this is not necessary to understand, from the analysis, the reason for the accuracy of the TCA approximation and to quantify their errors, as done in the following.
The fundamental property of any TCA method is that I ϳ (t Ϫ A) 1/ 2 , where A is a constant. This is in agreement with (26) as long as y is near constant after ponding. In general,
with, from (27),
and, from (25) and (26), Thus the difference between the two values of I for y ϭ y p and y ϭ 2␣ ϩ 3 in (26) gives an estimate of the TCA's maximum error, 1 , or
which as expected, is maximum for ␣ ϭ 0 and goes to zero as ␣ 3 ϱ. Table 2 also gives 1 and shows its essential agreement, especially as ␣ increases with the numerical estimates of the standard TCA errors. (The error of the modified TCA being 1 /2.) The error is small, not only for ␣ ϭ 0, decreasing very rapidly with ␣, i.e., for real soils.
A cruder way to estimate the maximum error, 2 , of the TCA is to exploit the observation that the standard method error is twice the error of the modified method. Thus, comparing I in (9) and the exact I ϭ t p at t ϭ t p gives 1/2 of the error of the standard method, or
In particular, in the present case and estimating 2 from the analytical results, (14) and (17) yield
which provides a rough estimate of the maximum errors of the standard ( 2 ) and the modified ( 2 /2) methods, as shown in Table 2 .
Gravity Effects
We are now going to discuss an example showing that gravity effects reduce the error of the TCA even further. To keep the discussion analytic and to see the source of errors clearly, we need to consider a case with gravity, where two analytic solutions are available. The first exact solution applies for any soil properties when the flux at the surface is proportional to the surface water content [Fleming et al., 1984] . The second exact result applies for constant surface flux q [Rogers et al., 1983; Sander et al., 1988] but for special soil properties
and the soil water conductivity
where K sat is the saturated conductivity. As in section 4, we effectively take q ϭ 1 as well as ϭ D( ) ϭ 1 at saturation. At ponding, t p ϭ I p and K sat are related by [Rogers et al., 1983; Sander et al., 1988 Sander et al., , 1999 
The general solution for I when q/ s ϭ A is constant (q is the surface flux, and s is the surface water content) is at ponding [Fleming et al., 1984] ,
In particular, when (34) and (35) hold (37) gives
The two exact solutions in (36) and (38) (for q ϭ 1 and q/ s ϭ A) have not been extended beyond ponding. Thus, at the difference of the case without gravity we cannot determine the error of the cumulative infiltration after ponding. This was the situation encountered by Sivapalan and Milly [1989] , and like them, we shall look at the error in the cumulative infiltration prediction of the standard TCA when q ϭ q . Although not as complete as the discussion of section 4, we can still deduce from it whether gravity effects are helpful or not. We shall operate in the same manner for the modified TCA looking at the error of the predicted flux at ponding time. Ϫ2 to ϳ0.99). Table 3 then shows that the error decreases by a factor of 4, for all , as gravity increases. Table 3 also shows that the error decreases as approaches 1 (the error is exactly zero for ϭ 1, i.e., when D is a delta function, as the TCA is well known to be exact in that limit). It is of some interest in that respect to look at the relation between the values of in Table 3 and the values of ␣ in section 4. This can be done easily from the calculation of ͐ D d/͐ D d, which approaches 1 for a delta function; we have , from (36). The same conclusions obtained from Table 3 can be made here. Note, however, that the effect of gravity in reducing the error is much more pronounced (most likely because when gravity effects increase, then, by definition, the flux approaches K sat ).
Conclusion
A numerical solution confirms that TCA provides an excellent prediction of cumulative flux after ponding, assuming that the rainfall rate can be replaced by its average before ponding. A modified procedure is discussed which halves the error of the standard method. An approximate analytical solution provides the means to analyze the reason for the TCA accuracy and, in particular, yields an analytical estimate of the errors. As already pointed out by Sivapalan and Milly [1989] , the errors are smaller as the soil water diffusivity increases more rapidly with water content. The result was quantified for a power law diffusivity, D ϳ ␣ . However, if for a general diffusivity the first moments, ͐ D d and ͐ D d, are calculated as we have done in (40), then ␣ can be defined by the following relation, which is exact for a power law:
where sat is the saturated water content. Then the error of the TCAs can be estimated from (31) or (33) for a general diffusivity. Gravity effects seem to reduce the error of the TCA even further. Even though both standard and modified TCAs have similar, and small, errors, the latter appears to be slightly more accurate. More importantly, when a reasonable estimate of I p is available, it is more in line with the basic premise of TCA of [Smith et al., 1993, p. 137 ] "using I as a surrogate for time." 
